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Abstract 

We discuss the renormalizability of the massless Thirring model in terms of the 
causal fermion Green functions and correlation functions of left-right fermion densi¬ 
ties. We obtain the most general expressions for the causal two-point Green function 
and correlation function of left-right fermion densities with dynamical dimensions 
of fermion fields, parameterised by two parameters. The region of variation of these 
parameters is constrained by the positive definiteness of the norms of the wave func¬ 
tions of the states related to components of the fermion vector current. We show 
that the dynamical dimensions of fermion fields calculated for causal Green func¬ 
tions and correlation functions of left-right fermion densities can be made equal. 
This implies the renormalizability of the massless Thirring model in the sense that 
the ultra-violet cut-off dependence, appearing in the causal fermion Green func¬ 
tions and correlation functions of left-right fermion densities, can be removed by 
renormalization of the wave function of the massless Thirring fermion fields only. 
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1 Introduction 


The massless Thirring model P] is an exactly solvable quantum field theoretic model 
of fermions with a non-trivial four-fermion interaction in 1 -|- 1 -dimensional space-time 
defined by the Lagrangian invariant under the chiral group Uy{1) x Ta(1) 

- ]^g^{x)'y^"i>{x)^{x)'^^ii{x), ( 1 . 1 ) 

where 'ip{x) is a massless Dirac fermion field and 5 ^ is a dimensionless coupling constant 
that can be both positive and negative. 

A solution of the Thirring model assumes a development of a procedure for the cal¬ 
culation of any correlation function 0-i- As has been shown by Hagen j3] and Klaiber 
inj, the correlation functions of massless Thirring fermion fields can be parameterised by 
one arbitrary parameter. In Hagen’s notation this parameter is Below we show that 
the correlation functions in the massless Thirring model can be parameterised by two 
parameters (see Appendix A). This confirms the results obtained by Harada et al. [H] (see 
also mm for the chiral Schwinger model. In our notation these parameters are ^ and 
fj. The region of variation of these parameters is restricted by the condition for the norms 
of the wave functions of the states related to the components of the fermion vector current 
to be positive (see Appendix B). For f) = 1 the parameter ^ is equal to Hagen’s parameter 
^ The parameters ^ and f] we use for the analysis of the non-perturbative renormal- 
izability of the massless Thirring model in the sense that a dependence of any correlation 
function on the ultra-violet cut-off A can be removed by the renormalization of the wave 
function of Thirring fermion fields only. We show that independence of any correlation 
function of an ultra-violet cut-off exists only if the dynamical dimensions of Thirring 
fermion fields, calculated from different correlation functions, are equal. We would like to 
remind that for the known solutions of the massless Thirring model 0-0 the dynamical 
dimensions of massless Thirring fermion fields, calculated from causal Green functions 
and left-right correlation functions, are different. The existence of different dynamical 
dimensions of Thirring fermion fields obtained from different correlation functions has 
been regarded by Jackiw as a problem of 1-|-1-dimensional quantum field theories IQ. 

The paper is organised as follows. In Section 2 we define the generating functional of 
correlation functions in the massless Thirring model. In Section 3 we calculate the two- 
point causal Green function and the dynamical dimension of massless Thirring fermion 
fields parameterised by two parameters ^and fj. In Section 4 we calculate the two- 

point correlation function of the left-right fermion densities and the dynamical dimension 
of massless Thirring fermion fields d(^^^y{g) in dependence on ^ and fj. We show that 
the dynamical dimensions d^^{g) and dj^^^y^g) can be made equal d^^^yi^g) = d^^{g). 
This indicates that the massless Thirring model is renormalizable in the sense that the 
dependence of the causal Green functions and correlation functions of left-right fermion 
densities on the ultra-violet cut-off can be removed by the renormalization of the wave 
function of massless Thirring fermion fields. In Section 5 we corroborate the validity of this 
assertion within the standard renormalization procedure PI- In the Gonclusion we discuss 
the obtained results. In Appendix A we show that the determinant Det(zcl -|- A), where 
An is an external vector field, can be parameterised by two parameters. For this aim we 
calculate the vacuum expectation value of the vector current and show that the ambiguous 
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parameterisation of the determinant Det(i(9 + A) is fully caused by the regularization 
procedure i-m. In Appendix B we analyse the constraints on the parameters ^ and r] 
imposed by the positive dehniteness of the norms of the wave functions of the states related 
to the components of the vector fermion current. We show that the positive dehniteness 
of these norms does not prohibit the possibility for the dynamical dimensions of massless 
Thirring fermion helds to be equal. According to the equivalence of the massive Thirring 
model to the sine-Gordon model jT3] , the constraints on the parameters f] and ^ together 
with the requirement of the non-perturbative renormalizability of the massless Thirring 
model lead to the strongly coupled sine-Gordon held with the coupling constant {5"^ ~ Svr. 
A behaviour and renormalizability of the sine-Gordon model for the coupling constants 
~ Svr has been investigated in HSj. 


2 Generating fnnctional of correlation functions 


The generating functional of vacuum expectation values of products of massless Thirring 
fermion helds, i.e. correlation functions, is dehned by 


ZTh[J,J] = / 'Dip'Dip exp i / ~ 


+'iIj{x)J{x) + J{x)'iIj{x) 


( 2 . 1 ) 


It can be represented also as follows 


ZTh[J, J] = exp 



d?x 


5 5 

6 A^{x) 6A>^{x) 




where we have denoted 


( 2 . 2 ) 


J] = / VipVil) exp i I d^x +'d{A)'^^i>{x)Aij,{x) 


+V’(x)J(x) + J{x)'ip{x) 


(2.3) 


The functional [A] J, J] is a generating functional of vacuum expectation values of 
products of massless fermion helds of the massless Schwinger model coupled to an external 
vector held A^{x) The integration over fermion helds can be carried out explicitly 
and we get 


[A] J, J] = Det(i5 + A) exp 


(fx d?y J(x) G{x, y) 



(2.4) 


where G{x, y)^ is a two-point causal fermion Green function obeying the equation 

^ A^{x)jG{x,y)A = -S^^\x-y). (2.5) 

As has been shown in the Appendix A, the functional determinant Det(icl + A) can be 
parameterised by two parameters 

Det(i5 +A) = exp jj (fx(fy A^{x) - y) AAy)^ (2.6) 
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where we have denoted 


-y) = ^ 5(2) {x-y)-^ - 2/5 /^)- (2-7) 

TT TT OX^ OXy 

Here ^ and fj are two parameters, is the metric tensor and A{x — y, y) is the causal 
two-point Green function of a free massless (pseudo)scalar held 

iA{x -y-y) = ^ in[-y^{x -yf + iO]. (2.8) 

It obeys the equation □a,A(a; — y; y) = S^'^\x — y), where y is an infrared cut-off. 

The appearance of two parameters is caused by dependence of the calculation of the 
determinant Det{id + A) on the regularization procedure In Appendix B we 

hnd the constraint on the region of variation of these parameters imposed by the positive 
dehniteness of the norms of the wave functions of the states related to the components of 
the fermion vector current. The parameters ^ and fj are related to Hagen’s parameter ^ 
as ^ ^ and fj = 1 . 

The solution of the equation (ESD is equal to 


G{x,y)A = Go{x-y) 

X exp I — * (5'“^ — J cfz-^-^[A{x 


- ^{y - z] y)] A 0 {z) L 


(2.9) 


where is the antisymmetric tensor dehned by = 1 and Go{x — y) is the Green 
function of a free massless fermion held 


Go{x 


d 

2/) = '7'‘^A(a;-|/;/i) 


Y{.x - y)^ 

2ti {x — yY — iQ 


( 2 . 10 ) 


satisfying the equation i'y^d^Go{x — y) = — S^'^\x — y). 

Any correlation function of the massless Thirring fermion helds can be dehned by 
functional derivatives of the generating functional (EH) and calculated in terms of the 
two-point Green functions G{x, y)A and A{x — y; y). Below we calculate the casual two- 
point Green function G{x, y) and the correlation function G{x, y) of the left-right fermion 
densities dehned by 


G{x,y) 

G(x,y) 


2(0|T(^(x)^(2/))|0) = 


5 


5 


i 6 J{x) SJ{y) 


^Th[J, J] 


t(Y{x) 


r 


Y{x)Y{y) 


1 + 7^ 


Y{y) 


1 5 /I —7®\1 5 1 5 /1 + 7®\1 


i 5J{x) \ 2 J i 6 J{x) i 6 J{y) \ 2 J i 5%)^^^^'^’ j=j-=o’ 


J=J=0 

o) = 

6 


where T is the time-ordering operator. The main aim of the investigation of these corre¬ 
lation functions is in the calculation of the dynamical dimensions of the massless Thirring 
fermion helds and the analysis of the possibility to make them equal |12j . 
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3 Two—point causal Green function G{x, y) 

In terms of the generating functional (EH) the two-point Green function G{x, y) is dehned 
by 


G{x,y) = - ^ 


X exp 


i 6J{x) SJ{y) 

1 

2 


^Th[J, J] 


J=J=0 


= exp \ - g d z 


5A^{z) 6Af^{z) 

d^Zid^Z 2 Ax{zi) D^‘^{zi - Z 2 ) A^{z 2 )^ G{x, y)A 


A=0 


(3.1) 


The calculation of the r.h.s. of (EH) reduces to the calculation of the path integral 
3 1 i^{x-y)t^ 

G{x,y) = — 


27r {x — yY — i 0 


exp < — 77 / d^zuYz)u^{z) 


g d^zid?Z2 u^{zi) D^'"{zi - Z2) Uy{z2) + y/g (5-“^ - 7^) 


f ^ 

X / d^z—[A{x-z;fi)-A{y-z;y)]uy{z) 
Symbolically the r.h.s. of (EH can be written as 

1 - y)ii 


(3.2) 


27t {x — yY — iO 


G{x,y) = 


X / T>^Mexp<^ - -u{l + gD)u + x/gd{A^ - Ay)u- y/gYd{A^- Ay)eu\. (3.3) 


The integration over u can be carried out by quadratic extension. This yields 

= h G- v? I - ^ 

+ ]^gd{A^-Ay)e^^-^^ed{A^-Ay)Y (3.4) 

For the subsequent calculation we have to construct the matrix (1 + gD)~^. The matrix 
(1 + gD) has the following elements 

(1 + gDY‘^{x, z) = ^(^^(a; -z) ^^A(a: -z]y). (3.5) 

The elements of the matrix (1 + gD)~^ we dehne as 

((1 + gD)~Yau{z, y) = Ag^y 6^^\z - y) + B ——A{z -y;y). (3.6) 

The matrices (1 + gD) and (1 + gD)~^ should obey the condition 


j d‘^z{l +gD)>^‘^{x,z){{l +gD) Yau{z,y) = g^ S^'^\x - y). 


(3.7) 
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This gives 


(( 1 +^^) )av{z,y) = 


9ai^ 


1+e- 

TT 


5^'^\z-y) 


9 


TT 


V 


TT 


1 + e- l + (e-h) 


d d 


dz°‘dz‘' 

TT 


A{z-y,y). (3.8) 


Using (EH) we obtain 


9 


^ g d{A^ - Ay) ^ d{A^ - Ay) = - ^ [iA{0-, y) - iA{x - y, y)], 


TT 


9 d{A^ - Ay) e ^ e d{A^ - Ay) = -—^—g[iA{0] y) - iA{x - y, y)], 


l + ^ 


TT 


(3.9) 


where iA(0; y) is equal to 


rA( 0 -,i.) = - + en{+ 


(3.10) 


Thus, the two-point Green function reads 

G(x v) = ^ 47rd,^,,,(^) [iA(0;/i)-iA(a;-|/;/i)] 

271 {x — yy — iO 


A2 Y{x-y)^ 


277 —A'^{x — yY + i 0 


-A^{x — yY + iQ] Av^v>)U) 


(3.11) 


where dj^Ag) is a dynamical dimension of the Thirring fermion held dehned by 


d'lp'ih i^y') 




TT 


1 + e- i + (e-h) 


9\' 


TT 


(3.12) 


Now we are proceeding to the calculation of the correlation function C{x, y). 


4 Two—point correlation function C{x,y) 


According to Eq. (ETTl) . the two-point correlation function C{x, y) of the left-right fermion 
densities is dehned by 


C{x,y) = 
= — exp 


1 <5 /I 

i 6J{x) V 



— 7®\ 1 6 1 6 
2 ) i 5J{x) i SJ{y) 

6 5 ) f 

Myy) I 


(l4^)iTA-ZThiJ,J] _ = 

V 2 / ^ oJ{y) j=j=o 

^ jj d^zidFz 2 Aa(^i) - Z2) ^<^(2:2) I 


X tr 








A=0 


(4.1) 
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This reduces to the calculation of the path integral 
1 1 


C{x,y) = 


{x — uY — i 0 


X J V‘‘u exp I ~ 2 ~ ^ d{Ax — Ay) euj = 

— ex^\2igd{A^-Ay)e—^—-ed{A^-Ay) 


dvr^ {x — y)^ — iO 


1 + gD 


The result is 

C{x,y) = 


i_ ^ p 8 TT d(^^)2 [zA(0; p) - iA(a; - y, y)] ^ 


dTT^ (x — J/)2 — iO 
A2 1 


dvr^ — A‘^{x — y)'^ + i 0 
= ^^C{d^^^)2{g)]Ax,Ay). 

The dynamical dimension is equal to 

9 1 


— [- A^{x -y)"^ + i 0] = 


( 5 ^) 


2>r i + f£ 

TT 


(4.2) 


(4.3) 


(4.4) 


For ^ and y, restricted only by the constraint caused by the positive dehniteness of the 
norms of the wave functions of the states related to the components of the fermion vector 
current (see Appendix B), the dynamical dimensions of the massless Thirring model, 
calculated for the two-point causal Green function (ITT^ and the correlation function of 
the left-right fermion densities (Q, are not equal. According to Jackiw ^21, this is a 
problem of quantum held theories in 1+1-dimensional space-time. However, equating 
and d^^{g) we get the constraint on the parameter fj 

= — + (d.5) 

g \ TT/ 

As has been shown in Appendix B, the constraint on the region of variation of parameters 
^ and y, imposed by the positive dehniteness of the norms of the wave functions of the 
states related to the components of the vector current, does not prevent from the equality 
of dynamical dimensions d(^^^y{g) = d^^{g). 

This indicates that the massless Thirring model is renormalizable. The dependence on 
the ultra-violet cut-oh A can be removed by the renormalization of the wave functions of 
Thirring fermion helds either for the 2?7,-point Green functions G{xi,... ,Xn]yi, ■ ■ ■, yn) 
or for the 2?7,-point correlation functions C{xi ,..., j/i,..., yY) of the left-right fermion 
densities. The dynamical dimension of the Thirring fermion helds is equal to d^{g) = 
d^^^) 2 {g) dehned by Ea. (l4.4|) . 


5 Non—perturbative renormalization 

According to the standard procedure of renormalization in quantum held theory ^2] the 
renormalizability of the massless Thirring model should be understood as a possibility to 
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remove all ultra-violet and infrared divergences by renormalization of the wave function 
of the massless Thirring fermion held 'ip{x) and the coupling constant g. 

Let us rewrite the Lagrangian (EH) in terms of hare quantities 

^5'o ^o{x)'^^i)o{x)^o{x)'^^i)o{x), (5.1) 

where ipoix), '^o{x) are hare fermionic held operators and go is a hare coupling constant. 
The renormalized Lagrangian C{x) of the massless Thirring model should then read 

M 


= 'ilj{x)iYd^'ilj{x)-^g^{x)Y'^{x)^{x)-i^'ilj{x) 

+ (^2 - l)i){x)i-i>^d^'ilj{x) - ]^g{Zi- l)^{x)^^'il){x)^{x)-i^,'ilj{x) = 

= Z2^p{x)i'^^^d^i){x)-]^g Zi^p{x)'^^i){x)ii){x)'^f,i){x), ( 5 . 2 ) 

where Zi and Z 2 are the renormalization constants of the coupling constant and the wave 
function of the fermion held. 

The renormalized fermionic held operator 'ip{x) and the coupling constant g are related 
to hare quantities by the relations m 

iJoix) = zl^‘^il){x), 

90 = ZiZ 2 ^ g. ( 5 . 3 ) 

For the correlation functions of massless Thirring fermions the renormalizability of the 
massless Thirring model means the possibility to replace the infrared cut-oh /i and the 
ultra-violet cut-oh A by a hnite scale M by means of the renormalization constants Zi 
and Z 2 - 

According to the general theory of renormalization PI, the renormalization constants 
Zi and Z 2 depend on the renormalized quantities g^ the infrared scale /x, the ultra-violet 
scale A and the hnite scale M. As has been shown above the Green functions and left-right 
fermion density correlation functions do not depend on the infrared cut-oh. Therefore, 
we can omit it. This dehnes the renormalization constants as follows 

Zi = Zi{g^M]k)^ 

Z 2 = Z2{g,M-A). ( 5 . 4 ) 

For the analysis of the feasibility of the replacement A —> M it is convenient to introduce 
the following notations 

...,Xn;yi,...,yn) = A"" Axi,.. ., Aa;„; Ax/i,..., Aj/„), 

G^°)(a;i, ...,Xn,yi,...,yn) = A^"^ Axi ,..., Ax^; Aj/i,..., Ax/„). 

The transition to a hnite scale M changes the functions (EH as follows 


(5.5) 


—J M" GW(d(^^)((7o); Ma;i,..., Mx,; Mt/i, ..., My^), 

C^°\xi, ...,Xn,yu...,yn) = 

A \ (5^) 

—J Mxi,..., Mxn^ My,,..., Myn){5.6) 

The renormalized correlation functions are related to the bare ones by the relations m- 
G^''\xi, ...,Xn-,yu...,yn) = ... ...,?/„) = 

A \ 

—J M- G^^\d^^^){Z,Z^^gy, Mx,,..., Mx„; My,,..., My^), 

G^'^\x,, ...,Xn-,yu...,yn) = Zy‘^'^G^^\x ,,... ,x„;i/i, ...,?/„) = 

G^^\d,^MZ,Zy^gy,Mx,,..., Mx„; My,,..., My^). 


= zy- 


= Z. 


—2n 


M 


(5.7) 


Renormalizability demands the relations 


G^^’^x,, ...,Xn]yi,...,yn) = .. .,Mxn]My,,.. .,Myn), 

G^^\x,, ...,Xn]y,,...,yn) = C('’)(d(^^) 2 ( 5 f); Mx,,..., Mx„; My,,..., My^), (5.8) 

which impose constraints on the dynamical dimensions and renormalization constants 


^(ipip) ( 5 ^) ^2 9 ) 1 


(py)l 






and 




^ \ / A \ ( 5 ^) 

= 


M 


M 


= 1 . 


(5.9) 


(5.10) 


The constraints (El on the dynamical dimensions are fulhlled only if the renormalization 
constants are related by 


Zi = Z, 


2 - 


(5.11) 


The important consequence of this relation is that the coupling constant g of the massless 
Thirring model is unrenormalized, i.e. 

90 = 9- (5.12) 

This also implies that the Gell-Mann-Low /9-function, dehned by uni 


M^=^(«.M), 


(5.13) 
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should vanish, since g is equal to go, which does not depend on M, i.e. (3{g,M) = 0. 
Our observation concerning the unrenormalizability of the coupling constant, go = g, is 
supported by the results obtained in ini for the massive Thirring model. 

The constraint ()5.10|1 is fulhlled only for = di^^^y{g). In this case the depen¬ 

dence of the 2n-point causal Green functions and the 2n-point correlation functions of 
left-right fermion densities on the ultra-violet cut-off A can be simultaneously removed 
by renormalization of the wave function of the massless Thirring fermion helds. This 
means the massless Thirring model is non-perturbative renormalizable. 


6 Conclusion 


We have found the most general expressions for the causal two-point Green function 
and the two-point correlation function of left-right fermion densities with dynamical 
dimensions parameterised by two parameters. The region of variation of these parameters 
is restricted by the positive dehniteness of the norms of the wave functions of the states 
related to the components of the fermion vector current (see Appendix B). 

Our expressions incorporate those obtained by Hagen, Klaiber and within the path- 
integral approach i-0- Indeed, for Hagen’s parameterisation of the functional determi¬ 
nant with the parameters ^ ^ and fj = 1 the dynamical dimensions d^^{g) and d(^p) 2 ( 5 ') 

take the form 


dxjjip i^g) 






A. 1 

27r 1 + ^^' 


For ^ = 1 we get 


d^^i^g') 


g" 1 

27rq + 9 


i.g') 


A. ^ 
2^1 + ^' 


( 6 . 1 ) 


( 6 . 2 ) 


These are dynamical dimensions of the Green functions and correlation functions of left- 
right fermion densities obtained by Klaiber and within the path-integral approach 

ME 

We have shown that dynamical dimensions d^^{g) and d(^^^-^ 2 {g) can be made equal. 
This hxes the parameter fj in terms of the parameter ^ and gives the dynamical dimension 
of the massless Thirring fermion helds equal to 


d^pipi^g^ ^(PP)2(^?) dipi^g^ 


A_ 1 

2iri+j9' 


(6.3) 


As has been pointed out by Jackiw |T2], the inequality of dynamical dimensions of fermion 
helds obtained from diherent correlation functions is the problem of l-f 1-dimensional 
quantum held theories. The equality of the dynamical dimensions d^^{g) and d(^,p^y{g) 
is not suppressed by the positive dehniteness of the norms of the wave functions of the 
states related to the components of the vector currents. A positive dehniteness of the 
norms of the wave functions of these states imposes some constraints on the region of 
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variation of the parameters f] and demanding the parameter 1 + to be negative, 
i.e. 1 + ^g/n < 0. 

This makes the massless Thirring model renormalizable in the sense that the depen¬ 
dence of correlation functions of Thirring fermion helds on the ultra-violet cut-off can be 
removed by renormalization of the wave function of Thirring fermion helds only. We have 
corroborated this assertion within the standard renormalization procedure. 

From the constraint —g {1 + ^ g/Tr) > 0 there follows that the coupling constant 
of the sine-Gordon model is of order ~ Stt. A behaviour and renormalizability of the 
sine-Gordon model for the coupling constants ~ Svr has been investigated in ng. 

We are grateful to Manfried Faber for numerous helpful discussions. 


Appendix A: On the parameterisation of the func- 

/\ A. 

tional determinant Det(2(9 + A) 


The result of the calculation of the functional determinant Det(i9 -|- A) is related to the 
vacuum expectation value (j^(x)) of the vector current j^{x) = ' 0 (x) 7 ^' 0 (a;). Using (I2.4|l . 
the vacuum expectation value of the vector current can be dehned by 


if A)) = 


enZ'^\A,J,.J] 


i 6A^,{x) 
1 5 

i 5A^(x) 


J=J=0 


inDet{id + A) = / (fy — y) A^{y), 


(A- 1 ) 


where D^'^{x — y) is given by (I2.7|l and parameterised by two parameters ^ and fj. Hence, 
the calculation of the vacuum expectation value of the vector current should show how 
many parameters one can use for the parameterisation of the Green function D^'^{x — y) 
or the functional determinant Det(i(9 -|- A) as well. According to Hagen jl], {j^{x)) can 
be determined by 


{j^{x)) = limtr 

y^x 


iG{x, y)A'l^ exp i / dz''{a Ay{z) 67 ® A^^{z)) 


(A- 2 ) 


where a and b are parameters and A'^{z) = — A/^^z). The fermion Green function 

G{y,x)A is given by ()2.9|1 . The requirement of covariance relates the parameters a and 
b. This provides the parameterisation of the functional determinant Det(ic? -|- A) by one 
parameter. In Hagen’s notation this is the parameter 

In order to show that the functional determinant Det(i9-|-A) can be parameterised by 
two parameters we propose to dehne the vacuum expectation value of the vector current 
(II3J as follows 


= lim tr<j iG(a;, |/)a 7 ^ exp i j dz'^ [a A^{z) + b'y° A^^{z) 


I ~ A Mt) + dA I dh -^-^A{z - t; y) A5y{t)^Y (A-3) 


d d 


dG dtp 


dG dtp 


where c and d are additional parameters and A{z — t;/i) is determined by () 2 . 8 j) . Under 
the gauge transformation A^, ^ A'^ = A^y + d^cf) the third term in ()A-3jl behaves like the 
hrst one, whereas the fourth one is gauge invariant. 
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The vacuum expectation value of the vector current can be transcribed into the form 

/d 

d^z — [A(a; - 2;; p) - A(j/ - 2;; /r)]A^(2;)) 7^ exp i / dz"" (aA^{z) + }rf^A^^{z) 


+c / drt 


AA 

dt^ dtp 


/S.{z — t] ^)Ap{t) + / d^t 


,(*))}. ,A-4) 

For the calculation of the r.h.s. of (la we apply the spatial-point-slitting technique. 
We set and ± e, taking the limit e —>• 0. This gives 


i 1 




a d 


dx^ dx°‘ 


d^z A{x — z; y)Ap{z) 


xY 


1 ± ie^aAi(a;) + 67^^51 (x) + c J d^t 

d d 


d d 
dd dtp 


A(x - t;n)Ap{t) 


+dY / dH 


dd dtp 


A{x — d 


= =p lim 




+ lim ■ 


vre e^o 27 re 
Tie 




d d 
dx^ dx^ 
d d 


d^z A{x — z] fi)^g{z) 


ie(2ag^^Ai{x) T2be^>^A5i{x) T2cg^^^ j ——A(x - t; 


/d d 

dH——A{x - 

Taking the symmetric limit we get 

(.-M) = + 


(A-5) 


d^z A{x — z\ ii)Ap{z) 


(^ag^^^Ai{x) The^^^A^i{x) T cg^^ J dH -^-^A{x - t; ij,)Ap{t) 


The components of the current are equal to 

/ ■0/' ^\ 1 a/3 ^ ^ 

O w) = -£- 


(A-6) 


vr dx^ 


d^z A{x — z] fi)z^g{z) 


d 


{j\x)) = 


-A5i(x)- dH 

71 - 

1 d d 

71 dx^ dxc 

— Ai(x) - 
71 


d d 


TT J dd dtp 

d?z A{x — z] g)^a{z) 
c 


A(x - t;/u)A 5 p(t), 


TT 




(A-7) 


Using = —e^^A'' and OA{x—y; p) = 3/) the zero component can be transcribed 

into the form 


{fix)) = - 


1 d d 


TT dx^ dx^ 


d^z A{x — z] jj.)Ai{z) - 


1 d d 


TT dx^ dx^ 


d?z A{x — z; p)Ao(z) 
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6+1, n, , d f d d ^ . X,/N 

+_A{:c)--jd - t; f<)A.(i) = 

= f tfz ll{x - z;ii:}A{z)+ ^ A“(x). (AS) 

TT dxo dXf, J ^ TT 

Comparing the time component with the spatial one, given by 

{j\x)) = -—--^-^ [ z',f^)Af,{z) + -A^{x), (A-9) 

71 OXi OX^ J 71 

we obtain that the covariance of the vacuum expectation value of the vector current takes 
place for c = —d and 6 + d + 1 = a only. 

Thus, the vacuum expectation value of the vector current is 

(fix)} = La>‘(x)-' 1^^^^J dhA(x-z,,,)AM 

= j d^yD^'^{x-y)AM, (A-10) 

where fj and ^ are parameters related to the parameters a, 6, c and d as ^ = a and 
fj = 1 — c. The vacuum expectation value of the vector current, given by (jA-lOfl . supports 
the possibility to parameterise the functional determinant Det(i9+A) as well as the Green 
function D^''{x — y) by two parameters (j2.7ll . 


Appendix B: Constraints on the parameters ^ and fj 
from the norms of the wave functions of the states 
related to the components of the vector current 


The dependence of the functional determinant Det(i(9 +A) on two parameters leads to the 
dependence of the two-point correlation function (0|T(j^(a;)j^(|/))|0) on these parameters. 
Following Johnson j2], for the vacuum expectation value {0\T{j^{x)j^{y))\0) we get 


t{0\T{f{x)f{y))\0) = - 


V 




d d 


dx^ dxi 


■^{x-y]y) 


77 


77 


rt"°5(2)(x-i/). (B-1) 
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This gives the following expressions for the vacuum expectation values (0|j°(x)j°(?/) |0) 
and {0\j^{x)j^{y)\0) 


{0\f{x)f{y)\0) = -- 


TT 


T] 


9 


{0\j\x)j\ym = 


TT 


1 

i+f-lh + tt-'?)- 


TT/ 

d \2 


TT 


TT 




where — y) are the Wightman functions given by 

d'^Hx -= y ^ 2xe{e)s{e) e T* 

We have taken into account that 

A(x — y]yi) = i9{x^ — y^) D'^^\x — y) + i9{rp — x^) D^~\x — y). 


(B-3) 


(B-4) 


According to Wightman and Streater ^H] and Coleman ra. we can dehne the wave 
functions of the states 


\h]f) = j d‘^xh{x)f{x)\0), 

\h;j^) = J d‘^xh{x)j\x)\0), 

where h{x) is the test function from the Schwartz class h{x) G 5(M^) [TH] . 
The norms of the states ()B-5fl are equal to nmn] 

if; h\h;f) = jj d?xd^yh*{x) {0\f{x)f{y)\0) h{y) = 

f} 1 f Xk 


(B-5) 




TT 


TT 


(2i)! 


27! {kye(ky(k^) |A(*:)lt 


7! q+^9)(i + g_,)9 

71/ \ 71 


d xd yh*{x) (0|j {x)j ( 2 /)| 0 ) h{y) = 


V 


d^k 


^ ii+(i:)(i + ((-fj)i:)J (2>r)= 


TT 


TT 


27r{kye{k^)6{k^) \h{k)\^, 


(B-6) 


where h{k) is the Fourier transform of the test function h{x). Since the norms of the 
states (jB-5j) should be positive, we get the constraint 


’7(l + ff)(l + (f-’l)f) >0- 


(B-7) 


This assumes that r] ^ 0- For rj, constrained by the requirement of the renormalizability 
of the massless Thirring model (SiSl), the inequality (IB-7fl reduces to the form 

-r/(l + e^)>0. (B-8) 


14 












This inequality is fulfilled for 


g>0,l + ^-<0 , ^<0,l + ^->0. 

71 71 


(B-9) 


Using the vacuum expectation value of the two-point correlation function of the vector 
currents (El we can calculate the equal-time commutator j^{y)]xO=yO and the 

Schwinger term. We get 


[f{x),j\y)]xO=yO = 


ci^6{x^ - y^) = 


dx^ 


1 

71 


d 


1 + e-) (l + (e-h)- 

TT/ V TT 




dx^ 


with the Schwinger term c equal to 




(B-11) 


Due to the constraint ()B-7fl it is always positive. For y = 1 our expression (IB-101) for the 
equal-time commutator coincides with that obtained by Hagen |1]. 

Using (IB-in|) we can analyse the Bjorken-Johnson-Low (BJL) limit for the Fourier 
transform of the two-point correlation function of the vector currents I2nii2ii. Following 
ED. we consider the Fourier transform 


T^(q)=i j d^xe^'l-^{A\T(j„{x)M0))\B), 


(B-12) 


where q = (g°, q^) and |H) and \B) are quantum states |2I]. In our case these are vacuum 
states |H) = \B) = |0). This gives 


j d^xe^^-^{0\T{j,{x)U0))\0). (B-13) 

According to the BJL theorem pnil21j . in the limit > cxo the r.h.s of Ea. (IB-12j) behaves 
as follows [21] 


1 r^°° ■ 1 1 

T^u{q) = dx^(^ ^ (0|[j;.(0,a:^),j^(0)]|0) 

q J —oo 

? /■■*■“ -11 / 1 \ 

j ^ (0|[5oj/.(0,a:^),>(0)]|0)+ (B-14) 

For the time-space component of the two-point correlation function we get 

1 r^°° ■ 1 1 

^ (0|[jo(0,a;^),ji(0)]|0) 

q J —oo 

7 -11 / 1 \ 

~{^J (0|[%o(0,a:^),ji(0)]|0)+ (B-15) 
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Using (EDD for the BJL limit of Toi(g°, q^) we obtain 




^_ + o(— 


(B-16) 


For f] = 1 this reproduces the result which can be obtained using Hagen’s solution |lj. 
One can show that due to conservation of vector current the term proportional to l/q^ 
vanishes. The asymptotic behaviour of the Fourier transform of the two-point correlation 
function of the vector currents places no additional constraints on the parameters ^ and 
fj. 

The inequality (El) leads to the following interesting consequences. According to 
Coleman the coupling constant of the sine-Gordon model is related to the coupling 
constant g of the Thirring model as 


Stt 


2 + — 



I 

71 



71 


(B-17) 


Hence, for the constraint ()B-9|1 the coupling constant is of order ~ Svr. A behaviour 
and renormalizability of the sine-Gordon model for the coupling constants ~ Stt has 
been investigated in Ha- 
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